
#dolarfunctions &Mecularforms I
a

& let fl = (x+ iy4 : y > 03 be the upperhalf plane in K
.

# The (fullyMoulan group is the group

# SLe(2) =5(q) : a ,
b

, ad(2
,

ad - bc = 13

lemma For z Efe and Ne She(2),
T acts on He by NZ:a-

Prooftrorp action (b) acts trivially

and N2(e , z) = (bet ,
) z

A so Sz ed

Since Im (22) = Im()=m)b
- (cz+ d)

- 2

Em (adz + bc)
= ztdr (ad-bc) Im(z)

=L- = 1

A

& A function F : S -> I is called amean functioneightR
T

if (1) fismeromorphic on ge
Remark

since (
-i)

(2) For all s = (4) ESL(z) and zefe
,

ESLz(2) f(uz) = (cz + d)k f(z)
actstrivially

(3) - is "meromorphic at 00
"on Je

,

f(z)= (1)
*
-(z)=even

construction Modular fots Let 11 =wo
,
+we be a lattice in I

-

If wi = aw
, + bwe

We' = CW
, + dwz

for (a) - She()
,
thenW +*W2

= Zwi + Two]
Interchangingw,

& Wa if needs he can

suppose that"/z Efes
and the action of She(E) on lattices corresponds to
the action of SLz(z) on Se



Let f(w ,We] be a function on the Lattices &N+ &W2 2o

A

whichImogeneous in 1 in deg -be

-k
E f (xw

, Xwz) =
X f(w, wa) XXE &,

X* 0.

-

-> f (wi , was = wef(2) = wi f(z) *

vez=
imigives f(uz) =-C

=f(w+d) (aw
, + barw

,
+ dwz)

= (CN , +dres-(w,, w2) since same lattice
⑤*

=dw() = (cz + d) f(z)

I f(z) satisfies of the definition of a modular form

-

Recall Gwas =2 = Entnos RX4
-

Z

WeX (m,n)EX Reven
-

(m, n) + (0 ,
0 Con=of

It is easy to se that itistemogenous of desk Zodd
and G(wiv2) = WGz() , where G(z) = [In)

(m, n) + 10, 09

=> Gy((z) = (ez+d)G(z)2

② thefunction GE) is Momorphic FzE8) (cyabsisSo(

③eromorphicatof

Any meromorphic fat on I which is invariant by T= (6)
ESL(z),+ k = f(z) is a well defined

function on the strip(/ = 20xz < 1 : zek 3.
Consider the analytic isomorphism



🔗

4 - (* 3.

2πiz
z +- e(z) = e

he can mike f(z) = g(e(z))= g(q) , and g(g) is meromorphic
function an K*.

③ f(z) is meromorphic at z = 00

= g(q) is menomorphic at q = 0

Then g(q)=ang" , amto and ordo (f-

f(z) =

-

Forner& an erringaneneexpansionn = m
n= mb at of

- FourierAcrefficients
noWant to find the Fourier expansion of Gy(z) .

2inz
= gh

#m For E34 , b even ,
we have

- -e
M

[& (z) = 2((t) =2(e -isenstein
-

L series
-

where o (n)= 2 dS arithmetically interesting . In
din- #enticular multiplicative

-

Then the normalised Estansettes
has Fourier expansion

Ex(z) = 1 - (n) ec

ziBx = 5(h)
,

where Be are the Bernoulli numbersfor
-

even
-

defined as the coefficients in the power series

=B
4)of he start from the series
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*Sinz) = z(1 - E)(1+) Estes
Using the logarithmic

9
& Glog sin (2)=derivative on both side

we get

+ Pog(1 - E) + log(1+ =) I
related toBrwhich are FC=En II *

1 - eX

hehavez J -+
Remark for Homework1 :

= Hi - 2(d)- explode
geometric

~

i differentiating (+ > times
,
wethe (14)

and re see that

· C! (a-n>=d field &w↓ - 00

())x- 1

=d-Ie(z) (2)

Tuisines :

= · oo
=

- (2+i)(d)
Gy(z) = [ (mz + n)k

-callthat his even
(m

, n) + (0,0)

·

=

2S(x) +It is -k

= m = m

L-

2 -z

and use

above

=80



Remart gr(z) = 60Gp(z) =

5
.

-

= [1 + 240cr) eche)]l
93(z) = 140Gg(z)

=

[1-504 enz)] modeloughts

Then g(z)-279
,

(2)
2 (bothmodular forms & weight 12)

4- 27 () acne
D

X(z) = 92(z) - 2793177 isamodular function of
Right12 which vanishes at 00
--

Modulanot meromorphic at 00 f(z) = Zanqu Ne
-

n > N

#lear form horomorphic at f(z) = Zangu
noform vanishes at 00

f(Et= [ang
n

n31

D (z) = crop form of weight 12

= (2) Tche(nE)c[(k = 1

Ramanujan --fct
.

The officients [Cn) are arithmetically very interesting !



🔗

ThemodularGraphe(2) Go
-

Tum The modular group is generated by the 2 matrices

Then forf a modular

( & s = (i)T= bi) fet

f(+z)= f(z+ 1) = f(z)
z1- z+ 1

z+ f(Sz)= f(E) = zf(z)
pref me remantthat ()=
+

V
= (b) and +(b) = (a +

cnb+ d) ne
C

= str() = Catan san C Envision

Algo,⑰ OX r < CGaim he can choosene 0 (a + ch < (c)
,

I a = cn + r I
-

so by induction
, we can reduceto0, which is

awayoSee
= (6-)

So for any (a)
,

we have some combination of ST,S,T
say g(S,T)

, such

fors
? gcs(y) = = (b)

=> (2) = (g(s+) ]
-

a string & ST,
S-,+

1

Exercise Let zt D
. Then

-

246The stabilizergz under the # (b) z + e243, e &

action of SLIE) inel
. I

3

5
=(z= x + iy : (z(z)

Stab(z)=
[SX z = i

JST) (of order 6) z = W
and
- Re(z) 3

< TS) (gorden 6) z = w +
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&

of A fundamental domain for She(R) is a set D & g) such that
7o

① Dis a demain of fe (nonempty , connected & open)
② Every orbit &f 8/5 has apoint in D or on OD

,
theboundary &f D

③ If Zic Ez & D thenthey don't belong to the same

Orbitd T
,

or z
, Eze mod T

Tum Le+ D = [z = x+ iy : (x)) =)(z) > 13 .-

Then D is a fundamental domain for T

T-orthermore
, the T-equivalent

points on OD are exactly the

pairs &S points (zz') where

2 = z 11 (onthe vertical lines

or z=-unthe circleas)
.nee

Fr Im(z)=m :
SinceF - finitya

manyd * # 1cz +d) 1y we can find

& kz+ d) is minual + (cz+ d) < Idz+ d')
NET

Then Im(tz) > Im (e'z) Vide !

Now Im (Th -2) = Im(02) and choosing



n appropriately,re have + ( = The 8.

suchthat Re (Wz) e [*
, E]

and Em (12) Im (SWz) (r'= 58)
= Im)

-Yz)=
=> Iz1D

,
1 ·

Furthermore let z
,
z'e FrOf # Nz =z

·

Wog ImCE'S L, ImCE)E > IM(z)

=> (z+d)

Since (cz+ dl2= (cx+ d(2 + (cy12x2
andy =(C)

()=
and both zaz #b e

FURF=> b = #
,

and z= z1) ig
z = - 2 + iy&z = 2 + iy ↳

&

# Id/1 by again x

dTo
(a

=

1) 2z = a- t Im(z)=# 1 O

=> (z) = 1 and a = 0 o#
Re(z) = a + Re (-z)

z= and 1z) = 1 #Fixesi = a +n(-
a = 0 = a - Re(z)#-



85

a
=

( ! -)z= = - 1-u

similarly , c = 11) d = 1) leads to

= (ii) and( C
z1

z - 1#Ente

↑



Tum. 3 Let fO be a modular form of weight 30 .
So

↳+ w = e2/y
Then w + 1 =

e2/
&

& ordz (f) + ordz(00) + Jordi (f) + zordy(j) = bzege/p

er& where the weights are
given by

28/05003 W(z) = 1 z7 i
,

w

= 2+ iT I2z = 1

· 3z = w

Prof ↑ I⑪

OP * P·dondewhere there are no versesI on the boundary of P
because of ouro
and

W

&ti/
22/
w

+ Sop = So+ ) + S
↑ contains
allthe singularities

·

D
on theoriginal and we compute the 3 integrals
bornday inside

-

except i, w
D

co + 1

and
thenlive ,ia 00 :

T

=z-
O

(becomes + onthe RIS)



-z= 123 is a sepf
10

.

↑ ↳what is the angle?· ·

>rfdz = ordz(w)

T
and we will encounter 2 of them.

Tuni dz=
&

This gives taking 2 - 0

h Sp, z)dz = [ordz(f)+ 2
zt i

, w

whereP is

the countour :
&

T- D

By

f() = zk f(z)
, (iv)

The redm↑ ↳

Differentiating f(E) = z4f(z)
, we get

f'(z)(z
-2) = kzk- f(z) + zky'(z)



Differentiating , weet
f'( -

2) - (z2) = kzk+
f(z) +

1
..

and dividing by zkf(z) Ilo

=
E -) z=
in Sp(s)ds=(2)

S = -
->Scl dz =zi)Sdz-fz-zAuAl

Aw=
-==

#then have tordi(f) + tordm(f) + [ord)
z+ Si, 13

-

Horizontal segment H f(z) = g(e2iz)
79 = e

2iz

(2) and dee

Replacing in the integral

S (z) de=9 dg = ordo (g) = ord
z = X + iT

- XX ↓ q = 22πixy
- 2+y

2

-1q) = e-2ny



TheLineaspace grocularforms 12

Ma( + ) = 5f : f+ 4 holomorphic an Se and at oo
-

and such that f (dz) = (Cz + d) f(z)3

(z)Reven Gy(z) = [Init < Ea(z=(m
, n) + (0, 0)

-
Then Eg(z) E Mg(T)

.

so that the Fourier

expansion at or is

& Eq(r)= 0 (Hwx1) an a

and by valence formula

* = = + Cordz(EP)+E = only anzerze805003
z - w

, i

# Ex(i) = 0 & Eg(z) + 0 =z +i fe2903

*(z) = (60G
,
(z))" - 27 (14066(z))2 = M

,z(T) no pole and zers at oo

=>m other zero by
Valence formula .

-Rigosalmodul for- MaMeMate (graded righ

M is also a K-rector space (eachMa(r) is)
So M is a graded algebra over K

.



& orde(f)+)+mpetan, 12

= Si, w]

including or
z sinc f

is hobmorphic

①cheaOz = -k

②

③4y choice order (f) = 1 & Ordz(f)= 0 Xz + w

My =(Gy(z)

⑧ echorce Ordi (f) = 1 & ordz (f) = 0 Vz + i

Mo = CG(z)

②EmChoice ord (f) = 2 & ordz(t) = 0 Xz + w

= Ms = (G(z)

③D Onychoice Ordw (f) = ordi (f) = 1 & ard_ (f) = 0

= VzFi, w

Mo = (Gy(z) Gg(z)

DX(z) e Miz (T) with a zernto

=> only zero by valence formula

For any FEM
i 2

If fe Miz
,

them f(z)-cGz(z) vanishes at or (for the-
appropriated)

=>Gaze Mo= (npols

=> f(z) = bA(z) + cG2(z)
=
Mie = (A(z)Gz(z)

andby induction My = X(z) Mx-12 * Gy(z)K RX12



provea dim Me(t) = (k(2)k =2((2)

13 .

Zorkeren S(42] +2k+ 2(2)

Thm Let Sa(t) be the rector space & cusp forms
Cholo morphic everywhere and 0 at oo).

Then the
map Furthermore

,

dim Sy = 0 &10

Mr-> Sk + 12 (since dim Mr = 1) .

f +-> fox

is
an isomorphism (fvs),

and-#mSee Mo
Cor
- M =( (84 G] ,

where G & Go are alg. independent

# First re show that any fEMp is a polynomial in G and Go
.

he have
proventhat fork 12.

.
If & >12

,
consider

9 E-cG&G where 4a + 6b = k and a is chosenst g
vanishes at 00. Then EMA-12 <

and the proof fallows

by induction.

to show that G4 & Go are olg, ind suppose for a contradiction

that FP#O # PCG4)6) = 0
.

Than
, the monomials in

↑ (64, Go) must here the some weight , and we can with P(G4
,
Go)

as a multiple of : G + GgQ(64
, Gs) = 0

65 + G4Q(6p , 6) = 0

deQ > dg P

Q(G4Go) = 0

Analysing the zerees
, D &G are impossible



Then
, by induction

,
we always get an alg. relation of smaller degree

cantradiction

identities ER(E)E02E) - Eate(z) vanishe at 00
,

s it has to be a cusp form or = 0
.

=> EE(z) = Eg(z) since dim Sg = 0

=p(z)Eg(z) = Ero(z) since dim So = O

Es Es = ExElo = E
, 4 since dim Sik = dimMe = O

Es - E12 = cA(z) since dim Siz = 1

=> wz(n) = vz(n) + 120[Ws(m)Wg(n - m)
84msm

↓Bernoulli number aert
-(n)=(n)+(m)

omcn

(see HWE2) .


